ABSTRACT. A paper of U. First & Z. Reichstein proves that if R is a commutative ring of dimension d, then any Azumaya algebra A over R can be generated as an algebra by d + 2 elements, by constructing such a generating set, but they do not prove that this number of generators is required, or even that for an arbitrarily large r that there exists an Azumaya algebra requiring r generators.
INTRODUCTION
Let R be a commutative, unital ring and let A be a possibly noncommutative R-algebra. We will say that a set S ⊂ A generates A as an R algebra, or simply that it generates A, if no proper R-subalgebra of A contains S.
The purpose of this paper is twofold. In the first place, the paper of First & Reichstein [FR17] provides a bound on the number of elements required to generate an Azumaya algebra of rank n over a commutative noetherian ring R with unit. In fact, First & Reichstein consider a great diversity of algebras, unital and non-unital, which they can handle with an elegant uniform treatment. Their method applies, in particular, to the case of algebras consisting of projective modules endowed with trivial multiplication, and so fits in the literature on bounding the number of generators required for a f.g. projective R-module, see for instance [For64] , [Swa67] . Further references to the literature on this subject can be found in [FR17] .
After the case of projective modules, the next two most significant classes of algebras to which the paper of First & Reichstein applies would seem to be the étale and the Azumaya algebras, those modelled on k ×n and Mat n (k) respectively. In the present paper, we consider the Azumaya algebras.
We make use of the following theorem of Burnside's: over an algebraically closed field, k, an r -tuple of n × n matrices (A 1 , . . . , A r ) generates Mat n (k) if and only if the A i have no common proper invariant subspace. This result is the last theorem stated in [Jac53] , and there is a diverting literature of ever-simpler and more elegant proofs: [HR80] , [Ros84] , [LR04] . There is also work, much of it by T. Laffey, devoted to studying sets of matrices with the property that they generate Mat n (k)-here k is not necessarily algebraically closed: [Laf86] , [Laf83] , [Laf78] and other papers.
That is, considerable attention has been paid to sets of algebra generators for Mat n (k), but before the paper of First & Reichstein, it seems nothing had been said about sets of generators of general classes of algebras. Since this paper is concerned with Azumaya algebras, we state their result as it applies to that case: If R is a commutative noetherian ring, and the dimension of the maximal spectrum of R is d , then First & Reichstein prove that any rank-n Azumaya algebra can be generated by, at worst, d + 2 elements.
Their bound is sharp when d = 0, since even over a field k, the algebra Mat n (k) requires 2 generators provided n ≥ 2, since the algebra generated by a single element is commutative. On the other hand, for any commutative ring R, a matrix A that cyclically permutes the standard basis elements of R n and another matrix B representing projection on the subspace spanned by the first basis element together suffice to generate the R-algebra Mat n (R), so in particular, Mat n (k) is generated by 2 elements. The argument of [FR17] works by constructing a generating set, however, and for a general d does not demonstrate that d + 2 elements are actually required, or even that there is no integer G, independent of R, such that all Azumaya algebras can be generated by G elements.
In this paper, we construct an example, for all d and n ≥ 2 of a d -dimensional regular ring R over C, and a degree-n Azumaya algebra on R that requires
generators. In particular, we can see from this that there is no universal bound on the number of elements required to generate an Azumaya algebra.
Since r (d , n) is smaller than d + 2 in general, this result leaves open a range of possibilities. It is probably the case that the factor of 2 in the denominator of d 2(n−1) can be reduced, since it appears here as an artifact of our using a Lefschetz theorem to manufacture a relatively small affine variety with the required cohomological behaviour in dimension (r −1)(n −1)−1. Beyond that, there is no evidence that either our result, saying that r (d , n) ∈ Ω(d /n) generators may be necessary, or the result of First & Reichstein, saying that d + 2 generators will be sufficient, is sharp.
The second purpose of this paper, and the means of proof of the results, is an analysis of a sequence of smooth quasiprojective varieties B r n → B r +1 n → . . . which serve as approximations to B PGL n .
Before describing the specifics of the varieties B r n , let us describe the fundamental construction of [Tot99] , which is also the means by which the equivariant Chow groups of [EG98] and the "admissible gadgets" of [MV99] are defined. For a linear algebraic group G, one takes a representation G → GL(V ) where G acts freely on an open subspace U ⊂ V where V \ U has large codimension s, and such that U → U /G exists as a quotient map of varieties. Then U /G is a variety that, loosely speaking, approximates the topologist's BG below dimension s. What one means by "approximates" depends on what properties of BG one is interested in. One frequently wishes to produce an infinite sequence of such spaces for which the codimension s tends to infinity. The construction of [Tot99] was used, in the case of G = PGL n , in [Vis08] where p is a prime number. This construction was also used in [AW14] and [AW15] to produce a number of counterexamples in the theory of Azumaya algebras. These varieties also furnish examples of versal PGL n torsors, [Mer17] and problems related to their geometry, particularly whether they are rational, are of considerable interest, see [CS07] .
Returning to the specifics, our variety B r n is obtained by starting with U r n ⊂ Mat r n , the variety of r -tuples (A 1 , . . . , A r ) of n ×n matrices such that A 1 , . . . , A r generate Mat n as an algebra, and then by taking a quotient by the evident free PGL n action. The complement of U r n in Mat r n consists of several irreducible components, but the largest such components are the loci of r -tuples of matrices (A 1 , . . . , A r ) that share an invariant 1-or (n −1)-dimensional subspace. One may therefore calculate the codimension, i.e., the codimension of the highest-dimensional components, of the complement of U r n in Mat r n to be (r −1)(n −1). Since the codimension of the complement of U r n in Mat r n ∼ = A r n 2 tends to infinity with r , the system of B r n s is a specific instantiation, in the case of PGL n , of the general construction of [Tot99] mentioned above.
Since the codimension of the complement of U r n in Mat r n is of codimension (r − 1)(n − 1), the variety B r n = U r n / PGL n serves as a good approximation to a classifying space for principal PGL ntorsors up through dimension (r − 1)(n − 1) − 1. For instance, the Chow groups of PGL n can be defined
. The question arises of what happens at the critical value of (r −1)(n − 1). The main technical result in this paper says that for a number of "cohomology" theories E * , things go wrong as soon as possible: the stabilization map B r n → B r +1 n induces a non-injective map
Since the source of this map is a group that is in the stable range, non-injectivity here says that E (r −1)(n−1) (B r n ) is already deficient. The specific theories E * that we consider are all oriented cohomology theories in the sense of [LM07] which additionally satisfy certain localization conditions allowing one to define "equivariant cohomology" in the same manner in which [EG98] define equivariant Chow groups. In particular, the theories include Chow groups, algebraic cobordism and, over the complex numbers, singular cohomology.
The connection between the first and second purposes of the paper is that B r n , a quasiprojective variety, represents the functor sending R to isomorphism classes of degree n Azumaya algebras A equipped with a choice of r elements that generate A as an R-algebra. Moreover, for any classifying map f : Spec R → B r n , and any cohomology theory E * satisfying our requirements, the stable part of the induced map E * ( f ), which is to say the part where * < (n −1)(r −1), depends only on the isomorphism class of A , and not the particular choices of generating elements. As a result, one can give a condition on A , a degree-n Azumaya algebra over R obstructing generation by r + 1 elements.
Specifically, if A is classified by a map f : Spec R → B r + j n for which f * :
is injective, for some j > 0, then A cannot be classified by any map Spec R → B r n , which is equivalent to saying it cannot be generated by r elements. To exhibit examples of such rings R and algebras A , we start with B r +1 n itself, then taking an affine replacement using Juoanolou's device, and then reducing the dimension by means of an affine Lefschetz theorem to produce Spec R. The important thing in this construction is to preserve the injective map
n . At present, we do not have a construction that allows us to reduce dim R below 2(r − 1)(n − 1).
Outside of their immediate application here, we believe the varieties B r n should merit further study, above the general study of algebraic approximations to B PGL n . They are the direct analogue of the following construction for GL n : take the standard representation of GL n on A n ; then consider the subspace of (A n ) r consisting of vectors that generate A n as a vector space,
i.e., consider the Stiefel variety V r (A n ) of full-rank n × r matrices; then, finally, form the quotient V r (A n )/ GL n , which produces the Grassmannian Gr(r, n) of r -planes in n-space. That is, the varieties B r n bear the same relationship to Azumaya algebras as Grassmannians do to projective modules. As we note in Remark 3.8, however, whereas the Grassmannians are smooth and projective, the varieties B r n are merely smooth and quasiprojective.
1.1. Outline. In Section 2, we consider conditions under which an r -tuple of elements (A 1 , . . . , A r ) generate an algebra A . We conclude by showing there is a variety U r n representing r -tuples that generate Mat r n . In Section 3, we consider the quotient variety B r n := U r n / PGL n , and show that it represents the functor sending R to the set of degree-n Azumaya R-algebras equipped with a particular choice of generating r -tuple.
In Section 4, we introduce oriented cohomology theories with localization properties on Sm k , and we show that there is a "stable" ring E * (B ∞ n ). We also show that in the stable range, i.e., when * < (n − 1)(r − 1), the map f
depends only on the isomorphism class of the algebra classified by f : Spec R → B r n , i.e., it is independent of the specific choice of generators.
In Section 5, we show that things go wrong immediately at the boundary of the stable range, that the map
is not injective. This is the most technical part of the paper, and seems the one least susceptible to generalization to other classes of algebra.
In Section 6, we synthesize Sections 4 & 5 in order to manufacture the examples alluded to in the introduction. We also say a few words about how the analogous calculation is carried out in the setting of CW spaces and topological Azumaya algebras, and we observe that one can obtain sharp bounds by present methods in that context.
Notational conventions.
By ring, unless otherwise qualified, we mean a unital commutative ring. If R is a ring, by an R-algebra we mean a unital but possibly noncommutative ring A equipped with a homomorphism φ : R → A.
Throughout we exploit the equivalence of categories between locally free sheaves of rank n over a scheme X and rank n vector bundles over X .
We use the functor of points formalism throughout. If R is a ring and X a scheme, then X (R) denotes the set of morphisms Mor Sch (Spec R, X ) in the category of schemes. In particular, we will tacitly embed Sch, the category of schemes, in the category Fun(Ring, Set); or equivalently in the category Fun(Aff op , Set).
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GENERATING ALGEBRAS
Remark 2.1. The material of Sections 2 and 3 is not original to us, although to our knowledge we are the first to present it over a field of arbitrary characteristic. Over the field C, for instance, everything we say in these sections can be recovered from [Art69, Section 12] and [SD82, Sixième partie, chap. I]. In the former, only characteristic 0 is considered, and in the latter, only k = C, in both cases for reasons that are not relevant to the material here.
Let Mat n denote the scheme of n × n matrices. This is A n 2 Z equipped with a multiplication map, so that Mat n (R) is the R-algebra of n × n matrices over R. Remark 2.4. If X = Spec R is affine and A is an R-algebra, and A = (A 1 , . . . , A r ) is an r -tuple of global sections of A , then standard facts about the vanishing of cohomology and exactness of localization imply that A is globally generated by the A i in the sense above if and only if (A 1 , . . . , A r ) generate A as an R-algebra. Furthermore, even if the A i do not generate A , it is the case that 〈A〉 is the subalgebra of A generated by the A i
We will need this minor technical lemma later.
Lemma 2.5. Let f : Y → X be a faithfully flat morphism of schemes, let A be an algebra over X and let
Proof. Testing generation amounts to checking surjectivity of the induced map φ A : FAlg r,X → A . This can be done after pullback along the faithfully flat map f , where it becomes φ f * A : FAlg r,Y → f * A , which is surjective by hypothesis.
Notation 2.6. We will write U r n for the subfunctor of Mat Proposition 2.7. Let R be a ring and let (A 1 , . . . , A r ) ∈ Mat n (R) r be an r -tuple of matrices. Let
⊂ R generate the unit ideal, i.e., form a distinguished affine cover. Then the following are equivalent
Proof. The condition to be tested is the vanishing of the cokernel in the natural exact sequence
and this can be tested locally in either of the two senses above by standard commutative algebra. To show that U r n is actually representable, we exploit a theorem of Burnside's on subalgebras of matrix algebras With Burnside's Theorem in mind, we make the following definition Definition 2.10. Let {A i } i ∈I be a set of elements in Mat n (k) for some field k, and let E /k be a field extension. We will say that the A i have no common invariant proper subspace in E n if, for any E -subspace W ⊂ E n , the condition
implies that either W = 0 or W = E n . We remark here that A i is assumed to act on E n via the Proof. We first address the case where R = k is a field. In this case,
= Mat n (k), then thek subalgebra of Mat n (k) generated by the A i is Mat n (k). In particular, the A i have no common invariant proper subspace ink n , since thek algebra they generate has no such subspace. In the converse direction, observe that
⊗ kk is thek subalgebra of Mat n (k) generated by the A i , and if the A i have no common invariant proper subspace ofk n , then the inclusion
⊗ kk → Mat n (k) ⊗ kk is actually an equality. Since base change of fields is faithfully flat, it follows that
Now we reduce from the case of general local R to the case of its residue field k.
⊗ R k is the k-algebra generated by (Ā 1 , . . . ,Ā r ), it follows from the previous part that thē A i fix no common proper subspace ofk n .
Second, suppose that theĀ i fix no common proper subspace ofk n . Then the k-algebra
⊗ R k. Let E i j denote the matrix that has all entries 0 except the i , j entry, which is 1. The matrix
⊗ R k, and therefore there is some lift
, where M i , j is an element of m Mat n (R). In particular, for all i , j , we find the matrices E i , j in the module
+ m Mat n (R), and so, by Nakayama's lemma,
Proposition 2.12. Let X be a scheme, and let (A 1 , . . . , A r ) ∈ Mat n (X ) r be an r -tuple of sections.
Proof. In one direction, this is merely functoriality of U r n , combined with the characterization of geometric points of U r n . In the other direction, suppose (A 1 , . . . , A r ) satisfies the condition that (
Choose an affine open set Spec R ⊂ X . By Proposition 2.7, it suffices to show that for all p ∈ Spec R, the pullback of (A 1 , . . . , A r ) to Spec R p is in U r n (R p ), and by Proposition 2.11, we may verify this after passing to the algebraic closure of the residue field. Proof. This follows from Propositions 2.12 and 2.13.
GLOBALLY GENERATED AZUMAYA ALGEBRAS
In the previous section, all constructions were carried out over Spec Z. In this section, we base change to Spec k where k is a field.
The group scheme PGL n acts faithfully on Mat n by conjugation, G · A = G AG −1 . This action extends to an action of PGL n on the affine variety Mat ×r n , and U r n ⊂ Mat r n is an open, PGL ninvariant subvariety. The action of PGL n on U r n is free: If E /k is an algebraically closed field and if some g ∈ PGL n (E ) stabilizes (A 1 , . . . , A r ) ∈ U r n (E ), then g stabilizes every polynomial in the A i ; since such polynomials yield all of Mat n (E ), it follows that g is the identity.
Proof. Let q denote a point in U r n (L) and let O (q) denote the orbit of q under the PGL n action. We use a part of the Hilbert-Mumford criterion. That is, if p is lies in the closure of O (q), then there exists some one-parameter subgroup (1-PS) λ : G m → PGL n such that p lies in the closure of the λ-orbit of p. Even more specifically, by use of the properness of projective space, we can embed
, and extend λ :
. This is the result on page 53 of [MFK94] . We will show that if a 1-PS λ has a limit point λ(0) ∈ Mat r n (L), then λ is actually trivial, i.e., the constant 1-PS, and so p = λ(0) = q, which certainly lies in U r n (L). This will suffice to prove that O (q) is closed. Let λ : G m → PGL n be a 1-PS. Over E there exists a basis B = {b 1 , . . . , b n } of E n so that when written with respect to this basis,
where a 1 = 0 ≤ a 2 ≤ a 3 ≤ · · · ≤ a n . Here the "matrix" λ(t ) is an element of PGL n (L) and therefore considered up to scalar multiplication. If λ is nontrivial, there is at least one critical value c for which a c+1 > a c . Now we consider the point q = (A 1 , . . . , A r ) ∈ U r n (L) and the action of λ(t ) on q as t → 0. Assume λ is nontrivial.
Write all matrices w.r.t. the basis B. The action of λ(t ) on the j , l -th coordinate of matrix does not leave V c invariant; without loss of generality, the j , l -th entry of A 1 is nonzero, where j ≤ c and l > c. But then the action of G m on the j , l -th entry of A 1 is λ(t )·a
, which is of negative weight, and therefore the limit point λ(0) · q cannot lie in Mat r n (L). It follows that the PGL n orbit of q is closed in Mat n (L). 
Proof. There is a bijection between L-points of B r n and PGL n (L)-equivalence classes of r -tuples of Mat n (L) generating it as an algebra. Choose an isomorphism ψ : A → Mat n (L). After applying ψ, we now have (ψ (A 1 ), . . . , ψ(A r ) ), an r -tuple of generators for Mat n (L). This allows us to define a map f : Spec L → B r n tautologically, and this map satisfies ψ(A i ) = f −1 (s i ) for all i ∈ {1, . . . , r }. To eliminate the apparent dependence on the choice of ψ, observe that if a different isomorphism, ψ ′ , were chosen instead, then the r -tuple (ψ ′ (A 1 ), . . . , ψ ′ (A r )) would differ from the one chosen by an algebra automorphism ψ 
Proof. We prove this result first in the case where We now prove the result when X = Spec R is a domain over k, and where the algebra A over Spec R is trivial, i.e., isomorphic to Mat n (R). To construct a map f , we choose an isomorphism ψ : A → Mat n (R). We now have an r -tuple (ψ(A 1 ), . . . , ψ(A r )) generating Mat n (R) as an algebra. This defines a morphismf : Spec R → U r n and we compose this with the quotient map U r n → B r n to produce f . Tautologically, f −1 (s i ) = ψ(A i ). As for uniqueness, if a different map f ′ existed with this property, then f and f ′ would differ on some geometric point of Spec R. This is impossible by the first part of the proof.
Finally, we prove this for general X . We may pass to an étale cover of X by reduced affine schemes, Spec R. On each of those, the map f is uniquely defined by the argument of the previous paragraph, and then by étale descent, it is defined on X . The same argument as before shows it is unique. i =0 E * (X )ξ i , where ξ is intrinsically defined in E * (P(V )). The theory is also
is an isomorphism whenever Y is a vector-bundle torsor over X . For our purposes, the cohomology theory E * must also satisfy the following further axioms which we shall call the localization properties
• There exists a localization exact sequence in the following weak form: if Z → X is a closed immersion and Z is equidimensional and of codimension d in X , then there is an exact sequence
• If Z → X is a closed subscheme of codimension d -that is, if each irreducible component of Z is of codimension at least d in X -and if U = X \ Z , then the pullback map
Remark 4.1. Occasionally, we shall write
when it is important to specify that f * is being considered in degree a.
Remark 4.2. The theory E has a theory of Chern classes, in particular if s : X → L is the zero section of a line bundle, then s
is a direct sum of n line bundles on X and if s is the 0-section, then s
It will also be important later that
, where |θ| = 1.
Remark 4.3. We assume that there exists a unit element 1 ∈ E 0 (pt), different from 0, and then we may define, for any smooth scheme X , an element 1 X ∈ E * (X ) which is the pullback along X → pt of 1. For any X having a rational point, we must have 1 X = 0. All schemes considered in the sequel have rational points, and so we will simply assume 1 X = 0.
Remark 4.4. A limited number of such cohomology theories will suffice for applications in the sequel.
(1) The Chow groups CH * (X ) or the rational Chow groups CH * (X ) Q . The latter have the advantage that they may be defined for singular scheme, by virtue of
(2) If k ⊂ C is equipped with a complex embedding, the singular cohomology H 2 * (X (C), A) in even degres, where A is some nonzero commutative ring of coefficients.
4.1. Borel Cohomology of PGL n . We consider the system of smooth k varieties
We claim that in any degree j , for sufficiently large r , the groups E j (B In particular, it follows from the localization properties of E * that E j (i r n ) is an isomorphism when j < (r − 1)(n − 1).
Therefore, associated to a globally generated degree n Azumaya algebra A on X along with a particular choice of global generators (A 1 , . . . , A r ), there exist "stable" invariants associated to the composition X → B Note that Proposition 4.5 implies that the canonical map 
Proof. Fix a degree i . We will establish the result for E 
this corresponds to a map F :
n which agrees with f at t = 1, and at t = 0, gives the map F (1) corresponding to (0, . . . , 0, A 1 
Since the last of these maps is
, the proposition is proved.
THE FIRST OBSTRUCTION
In this section, we will define the following varieties and prove certain facts about them. These descriptions are of the F -valued points of the respective varieties, where F is a field.
• T -the variety of r -tuples (A 1 , . . . , A r ) of n × n-matrices such that there exists a 2 dimensional subspace W of F n so that the A i leave W invariant and such that the A i all commute when restricted to W .
• M = Mat r n \T -the variety of r -tuples (A 1 , . . . , A r ) of n × n-matrices having at most a 1-dimensional shared invariant subspace on which each matrix commutes with each other matrix.
• Z -the closed subvariety of M consisting of r -tuples of matrices with a common eigenspace.
• U This definition is a adaptation of that of [She84] to the case of more than two matrices. Proof. Let L be an algebraically closed field. An r -tuple in T (L) consists of (A 1 , . . . , A r ) that share a 2-dimensional invariant subspace, and that commute on that subspace. The dimension of Gr(2, n) is 2(n − 2). Suppose a 2-dimensional subspace is given, for specificity, suppose it is the subspace spanned by e 1 , e 2 , the first two basis vectors in a standard basis for L n .
Then a generic element of T (L) having 〈e 1 , e 2 〉 as a shared subspace takes the form of an rtuple of matrices A i each of which has a block decomposition of the form
is a 2 × 2 matrix. Moreover, the various A Proof. The variety Z represents the functor sending a ring R to r -tuples of n ×n matrices over R that share an eigenvector and such that the module
as G ranges over generalized commutators, is of dimension 1 at all field-valued points of R. Note that the shared eigenvector forces this module to be of dimension at least 1 at these points.
Since Z is a variety, we may view it, by the functor of points formalism, as a functor on the category of projective of rank 1.
In particular, N is projective of rank 1 and is a submodule of R n , and therefore we have a mor-
. The morphism f is clearly PGL n -equivariant, which implies in particular that it is surjective, since PGL n acts transitively on the k-points of P n−1 k . Proposition 5.12. The variety Z is smooth.
Proof. It maps surjectively to P n−1 , and each fibre over a closed point is isomorphic to each other fibre, by virtue of the ambient PGL n -action, which is transitive on P n−1 . The fibre over one particular closed point v is an open subvariety of the variety of all r -tuples of matrices having v as an eigenspace, and this is smooth. The claim follows.
Remark 5.13. The general idea of the calculation in the sequel is to consider what happens when the X 1 , the "locus of matrices sharing a common eigenspace" is discarded from Mat r n . Since it is easier to work with nonsingular varieties, for the purposes of various E -theories, it is better to approximate the inclusion Mat Fix an invertible (n − 1) × (n − 1) matrix A such that none of the standard basis vectors is an eigenvector. Choose an (n − 1)-tuple of distinct elements (a 2 , . . . , a n ) in k n such that a i = 0 for all i . . . .
This variety is isomorphic to A (n−1)(r −1) , the space parametrizing (x 22 , . . . , x r n ). It is invariant under the G m action, which acts by λ(x 22 , . . . , x r n ) = (λx 22 , . . . , λx r n ). In this case they share the eigenspace 〈e 1 〉, and they each also leave the subspace W spanned by {e 2 , . . . , e n } invariant.
Recall that X (F ) consists of r -tuples (A 1 , . . . , A r ) that leave invariant a subspace V ⊂ F n of dimension at least 2 on which the A i all commute. Since F is algebraically closed, the A i must share an eigenvector in V .
In the case where the x i j do not all vanish, since the r -tuple (A 1 , . . . , A r ) has no common eigenspace, this F -point of Y does not lie in X .
In the case where the x i j do all vanish, A 2 = A 3 = · · · = A r , so it suffices to consider A 1 and A 2 . We calculate the maximal subspace V of F n that is both A 1 and A 2 invariant and such that A 1 and A 2 commute when restricted to N . Since A 2 has distinct eigenvalues, if N is A 2 invariant, it must be spanned by eigenvectors of A 2 . In particular, it takes the form 〈e 1 〉 ⊕ V ∩ 〈e 2 , . . . , e n 〉. Since 〈e 2 , . . . , e n 〉 is A 1 -invariant, it follows V ′ := V ∩ 〈e 2 , . . . , e n 〉 is A 1 invariant. Hence A 1 | V ′ and A 2 | V ′ commute, and if V ′ = 0, they must therefore share an eigenvector. But A 1 and A 2 share only the eigenspace 〈e 1 〉 by hypothesis, so V ′ = 0. It follows that N has dimension 1. Consequently, there are no geometric points of Y ∩ T .
The proof of the following is straightforward and we omit it. Proof. This follows from Lemma 5.24 and Proposition 5.30.
6. COUNTEREXAMPLE Theorem 6.1. Let n and r be natural numbers, both at least 2. There exists a smooth complex affine variety Spec R of dimension 2(r − 1)(n − 1) such that there is a degree-n Azumaya algebra A /R that can be generated as an Azumaya algebra by r + 1 elements, but not by r elements.
From this, we see that C is 2(r − 1)(n − 1) − 1-connected, and this implies that i Rearranging, one finds D + 2 2(n − 1) + 1 ≤ r and since the number of generators is always an integer, we can say that any Azumaya algebra can be generated by at most D + 2 2(n − 1) + 1 global sections. The calculation of H 2(n−1)(r −1) (B r n → B PGL n (C)) as in Proposition 5.31 still applies, and we deduce that the map H 2(n−1)(r −1) (B PGL n (C)) → H 2(n−1)(r −1) (B r n ) is not injective. In particular, one can find a CW complex of dimension D = 2(n −1)(r −1), namely K = sk 2(n−1)(r −1) B PGL n (C), equipped with a topological Azumaya algebra A of degree n, that classified by the natural map K → B PGL n (C), such that A cannot be generated by r global sections, since the homotopy class of the classifying map cannot factor through B r n → B PGL n (C). Specifically, the number of generators required is greater than D/[2(n −1)]+1, which is to say one needs D 2(n − 1) + 2 global sections in the worst case. If n = 2 and D = 2d is even, then the upper and lower bounds obtained above agree and we see that in general one can generate any topological Azumaya algebra of degree 2 with d + 2 global sections, and the topological bounds coincide with the bound obtained by [FR17] in the algebraic case.
If n > 2 and D = 2d , then again the upper and lower bounds above agree, and we see that one can generate any topological Azumaya algebra of degree n with ⌊d /(n − 1)⌋ + 2 global sections.
